In this lecture I review recent results on the first order equations describing BPS extremal states, in particular N = 2 extremal black-holes. The role of special geometry is emphasized also in the rigid theory and a comparison is drawn with the supersymmetric derivation of instantons and hyperinstantons in topological field theories. Work in progress on the application of solvable Lie algebras to the discussion of BPS states in maximally extended supergravities is outlined.
Introduction
Supersymmetry has been the most powerful tool to advance our understanding of quantum field theory and, in its N = 1, D = 4 spontaneously broken form, it might also be experimentally observable. The locally N -extended supersymmetric field theories, namely N -extended supergravities, are interpreted as the low energy effective actions of various superstring theories in diverse dimensions. However, since the duality revolution of two years ago [1] , we know that all superstring models (with their related effective actions) are just different corners of a single non-perturbative quantum theory that includes, besides strings also other p-brane excitations. Indeed in dimensions D = 4 the duality rotations [2] from electrically to magnetically charged particles (= 0-branes) generalize to transformations exchanging the perturbative elementary p-brane excitations of a theory with the non-perturbative solitonic D − p − 4-brane excitations of the same theory. The mass per unit world-volume of these objects is lower bounded by the value of the topological central charge according to a generalization of the classical Bogomolny bound on the monopole mass. In the recent literature, the states saturating this lower bound are named BPS saturated states [3] and * Research supported in part by EEC under TMR contract ERBFMRX-CT96-0045 play a prominent role in establishing the exact duality symmetry of the quantum theory since they are the lowest lying stable states of the non perturbative spectrum. They are characterized by the fact that they preserve, in modern parlance, 1/2 of the original supersymmetries. What this actually means is that there is a suitable projection operator IP 2 BP S = IP BP S acting on the supersymmetry charge Q SUSY , such that:
Since the supersymmetry transformation rules of any supersymmetric field theory are linear in the first derivatives of the fields eq. (1) is actually a system of first order differential equations such that any solution of (1) is also a solution of the second order field equations derived from the action but not viceversa. Hence the case of BPS states, that includes extremal monopole and black-hole configurations, is an instance of the relation existing between supersymmetry and firstorder square roots of the classical field equations.
Another important example of this relation is provided by the the topological twist [4] [5] [6] of supersymmetric theories to topological field theories [7] . What happens here is that, after Wick rotation to the Euclidean region, there is another projection operator IP 2 BRST = IP BRST acting on the supersymmetry charge Q SUSY , such that:
In the case of topological field theories the projected supersymmetry charge is interpreted as the BRST -charge Q BRST associated with the topological symmetry and the generalized instanton configurations satisfying eq. (2), being in the kernel of Q BRST , are representatives of the cohomology classes of physical states. For the same reason as above (2) are first order differential equations. In this lecture I will illustrate the relation between supersymmetry and the first order differential equations for either BPS states or generalized instantons with examples taken from both rigid and local N = 2 theories in D = 4. Here the recently obtained fully general form of N = 2 SUGRA and N = 2 SYM [8] allows to match the structure of Special Kähler geometry [9] [10] [11] with the structure of the first order differential equations. In particular a vast number of results were recently obtained for the case of N = 2 extremal black-holes [12] [13] [14] , [15] [16] [17] . The main idea will be reviewed in section 5. In sections 3 and 4 the distinction between the equations for N = 2 BPS-saturated monopoles and those for the gauged hyperinstanton (discovered by the present author and often improperly called Seiberg-Witten monopole equations) will be drawn. Finally a short report of work in progress on the application of solvable Lie algebras to the first order equations for BP Ssaturated states in maximally extended supergravities will be given.
Central charges
Let us consider the D = 4 supersymmetry algebra with an even number N = 2ν of supersymmetry charges. It can be written in the following form:
where the SUSY chargesQ Ai ≡ Q † Ai γ 0 = Q T Ai C are Majorana spinors, C is the charge conjugation matrix, P a is the 4-momentum operator, ǫ AB is the two-dimensional Levi Civita symbol and the symmetric tensor Z Z ij = Z Z ji is the central charge operator. It can always be diagonalized Z Z ij = δ ij Z j and its ν eigenvalues Z j are the central charges.
The Bogomolny bound on the mass of a generalized monopole state:
is an elementary consequence of the supersymmetry algebra and of the identification between central charges and topological charges. To see this it is convenient to introduce the following reduced supercharges:
They can be regarded as the result of applying a projection operator to the supersymmetry charges:
Combining eq.(3) with the definition (5) and choosing the rest-frame where P a = (M, 0, 0, 0) we obtain the algebra:
By positivity of the operator S ± Ai ,S ± Bj it follows that on a generic state the Bogomolny bound (4) is fulfilled. Furthermore it also follows that the states which saturate the bounds:
are those which are annihilated by the corresponding reduced supercharges:
BPS states in rigid N=2 supersymmetry
The most general form of a rigid N=2 super Yang-Mills Lagrangian was derived in [8] : its structure is fully determined by three geometrical data:
• The choice of a Special Kähler manifold of the rigid type SK rig describing the vector multiplet couplings
• The choice of a HyperKähler manifold HK describing the hypermultiplet dynamics
• The choice of a gauge group G gauge ⊂ G iso , subgroup of the isometry group of both SK rig and HK
The bosonic action has the following form:
where the scalar potential is expressed in terms of the killing vectors k i I , k u I generating the gauge group algebra on the scalar manifold SK ⊗ HQ, of the upper half Y J (z) of the symplectic section of rigid special geometry and also in terms of the momentum map functions P x I (q) yielding the Poissonian realization of the gauge group algebra on the HyperKähler manifold:
the energy integral (12) can be rewritten according to a Bogomolny decomposition as follows:
where, by definition:
The last (16) of the three addends contributing to the energy is the integral of a total divergence and can be identified with the topological charge of the configuration:
where S 2 ∞ is the 2-sphere at infinity bounding a constant time slice of space-time. Since the other two addends (14) , (15) to the energy of the static configuration are integrals of perfect squares, it follows that in each topological sector, namely at fixed value of the topological charge Z the mass satisfies the Bogomolny bound (4). Furthermore a BPS saturated state (monopole or dyon) is defined by the two conditions:
The relation with the preservation of 1 2 supersymmetries can now be easily seen. In a bosonic background the supersymmetry variation of the bosons is automatically zero since it is proportional to the fermion fields which are zero: one has just to check the supersymmetry variation of the fermion fields. In the theory under consideration the only fermionic field is the gaugino and its SUSY variation is given by (see [8] ):
If we use a SUSY parameter subject to the condition:
then, in a static bosonic background eq.(21) becomes:
Henceforth the configuration is invariant under the supersymmetries of type (22) 
Eq. (24) is nothing else but the square-root of eq. (20) . So we can conclude that the BPS saturated states are just those configurations which are invariant under supersymmetries of type (22) . On the other hand, these supersymmetries are, by definition, those generated by the operators (5).
So by essential use of the rigid special geometry structure we have shown the match between the abstract reasoning of section 2 and the concrete field theory realization of BPS saturated states.
Hyperinstantons in rigid N = 2 supersymmetry
As an exemplification of the alternative case, namely of the relation between supersymmetry in the Euclidean region with the first order equations determining generalized instanton configuration let us reconsider the complete bosonic lagrangian for a rigid N = 2 theory (10) and let us put the vector multiplet scalars to zero Y I = 0, while keeping the hypermultiplet ones. This choice yields the gauge-fixed, ghost-free sector of the topological field theory associated with the considered N = 2 theory. Indeed, when applying the topological twist procedure, as defined in [4, 5] , the physical fields are identified with the gauge bosons A I µ and with the hypermultiplet scalars q u , while all the other fields, including all the fermions and the vector multiplet scalars are ghosts. Explicitly the ghost-free lagrangian, rotated to Euclidean space, is:
Using the identities of rigid special geometry (see [8] ), the Euclidean action
rewritten as:
where the first two terms are topological integrals, the first being a Chern class, the second the product of the gauged HyperKähler class of the target manifold (pull-back thereof):
with the triplet of antiself-dual 2-forms Θ x− , satisfying the quaternionic algebra, that are defined on the world manifold, namely on Euclidean space-time. From the topological field theory viewpoint the first two addends to the Euclidean action (26) and (27) constitute the classical action. The remaining two terms (28) that are perfect squares constitute the gauge fixing terms. The gauge fixing conditions are the following two first order differential equations:
Eq.s (30) and (31) correspond to a generalization of the classical instanton equations of YangMills theory. Rather than stating that the field strength is self-dual eq. (30) relates its antiself dual part to an algebraic expression in the matter fields (=the momentum map P (30), (31) were named gauged hyperinstanton by the present author in a series of papers written in collaboration with D. Anselmi [4] [5] [6] . At fixed topological numbers (=the value of the integrals (26), (27) ) the hyperinstanton configuration corresponds to the absolute minimum of the Euclidean action. Furthermore in the topological field theory the functional integral is reduced to an integral over the moduli space of hyperinstantons. Indeed in the topological field theory each hyperinstanton is a representative of an entire orbit of the classical symmetry group, that is the deformation group of connections and maps. Hence reducing the path integral to orbit space we obtain a summation over hyperinstantons.
As shown in [4] [5] [6] and further discussed in [18] , eq.s (30),(31) are obtained by setting to zero the SUSY variation of the gaugino and of the hyperino with respect to a certain combination of the 8 SUSY parameters ǫ αA . This combination is derived in the following way. In the Euclidean region the Lorentz group SO(1, 3) becomes SU (2) L ⊗ SU (2) R which makes a triplet os SU (2) groups with SU (2) I , the automorphism group of the N = 2 SUSY algebra. With respect to the group SU (2) L ⊗ SU (2) R ⊗ SU (2) I the parameters ǫ αA fall in the following representations
The appropriate combination of SUSY parameters used in this game is the component of ǫ αA which is a singlet with respect to the diagonal
The topological field theory interpretation of this fact is that, after topological twist, the corresponding SUSY generator is reinterpreted as BRTS charge and the gaugino and hyperino fields of a certain chirality as antighosts. Hence their BRST variation is, by definition, the gauge-fixing condition.
In the current literature, the hyperinstanton eq.s (30),(31) are often named Seiberg-Witten monopole equations. This naming is absolutely improper for three reasons:
1. Because they are instanton-like and not monopole equations. Indeed they occur in the Euclidean version of 4-dimensional space-time and not in 3-space. They are obtained from the afore mentioned combination of supersymmetries and not from the projected supersymmetry of eq. (22) 2. Because they were discovered by the present author with Anselmi [4, 5] in the more general local supersymmetry context one year before Witten's paper on Monopoles and 4-manifolds [19] 3. Because Witten's paper on Monopoles and 4-manifolds where they were utilized to calculate Donaldson invariants advocating the results of Seiberg-Witten theory [20] , is Witten's and not Seiberg's
BPS Black holes in N=2 local supersymmetry
Eq. (22) is not Lorentz invariant and introduces a clear-cut separation between space and time. The interpretation of this fact is that we are dealing with localized lumps of energy that can be interpreted as quasi-particles at rest. A Lorentz boost simply puts such quasi-particles into motion. In the gravitational case the generalization of eq. (22) requires the existence of a time-like killing vector ξ µ , in order to write:
Furthermore, the analogue of the localization condition corresponds to the asymptotic flatness of space-time.
We are therefore led to look for the BPS saturated states of local N = 2 supersymmetry within the class of electrically and magnetically charged, asymptotically flat, static space-times. Generically such space-times are black-holes since they have singularities hidden by horizons. Without the constraints imposed by supersymmetry the horizons can also disappear and there exist configurations that display naked singularities. In the supersymmetric case, however, the Bogomolny bound (4) becomes the statement that the ADM mass of the black-hole is always larger or equal than the central charge. This condition just ensures that the horizon exists. Hence the cosmic censorship conjecture is just a consequence of N ≥ 2 supersymmetry. The BPS saturated black-holes are configurations for which the horizon area is minimal at fixed electric and magnetic charges. They are determined by solving the gravitational analogue of the Bogomolny first order equations (19) , (24), obtained from the SUSY variation of the fermions.
If we restrict our attention to the gravitational coupling of vector multiplets, the bosonic action we have to consider is the following one:
where L Λ denotes the upper half of a covariantly holomorphic section of local special geometry and N ΛΣ is the period matrix according to its local rather than rigid definition (see [2] , [8] ). According to the previous discussion we consider for the metric an ansatz of the following form:
where x are isotropic coordinates on IR 3 and U (r) is a function only of:
As we shall see in the next section, eq.(36) corresponds to a 0-brane ansatz. This is in line with the fact that we have 1-form gauge fields in our theory that couple to 0-branes, namely to particle world-lines. Indeed, in order to proceed further we need an ansatz for the gauge field strengths.
To this effect we begin by constructing a 2-form which is anti-self-dual in the background of the metric (36) and whose integral on the 2-sphere at infinity S 2 ∞ is normalized to 2π. A short calculation yields:
and with a little additional effort one obtains:
which will prove of great help in the unfolding of the supersymmetry transformation rules. Then utilizing eq.(38) we write the following ansatz for the gauge field-strengths:
Following the standard definitions occurring in the discussion of electric-magnetic duality rotations [2] (and [8]) we also obtain:
To our purposes the most important field strength combinations are the gravi-photon and matterphoton combinations occurring, respectively in the gravitino and gaugino SUSY rules. They are defined by (see [8] ):
The central charge is defined by the integral of the graviphoton (42):
Using eq. (40) and (42)we obtain:
while utilizing the identities of special geometry we also obtain:
where M Σ (z) is the lower part of the symplectic section of local special geometry. Consequently we obtain:
having defined the moduli dependent electric and magnetic charges as follows:
Alternatively, if following J. Schwarz [1] we define the electric and magnetic charges by the asymptotic behaviour of the bare electric and magnetic fields:
we find the relations
and
In a fully general bosonic background the N = 2 supersymmetry transformation rules of the gravitino and of the gaugino are:
where the derivative:
is covariant both with respect to the Lorentz and with respect to the Kähler transformations. Indeed it also contains the Kähler connection:
As supersymmetry parameter we choose one of the following form:
ǫ A = e f (r) ξ a χ = constant and
Using the explicit form of the spin connection for the metric (36):
and inserting the SUSY parameter (57) into the gravitino variation (53), from the invariance condition δψ A|µ = 0 we obtain two equations corresponding respectively to the case µ = 0 and to the case µ = a. Explicitly we get:
On the other hand setting to zero the gaugino transformation rule (54) with the SUSY parameter (57) we obtain:
In obtaining these results, crucial use was made of eq.(39). In this way we have reduced the equations for the extremal BPS saturated black-holes to a pair of first order differential equations for the metric scale factor U (r) and for the scalar fields z i (r). To obtain explicit solutions one should specify the special Kähler manifold one is working with, namely the specific Lagrangian model. There are, however, some very general and interesting conclusions that can be drawn in a modelindependent way. They are just consequences of the fact that the black-hole equations are first order differential equations. Because of that there are fixed points, namely values of the metric and of the scalar fields which, once attained in the evolution parameter r (= the radial distance ) persist indefinitely. The fixed point values are just the zeros of the right hand side in the coupled eq.s (59) and (61). So, independently from the initial data at r = ∞ that determine the details of the evolution, the metric and the scalar fields flow into the fixed point values at r = 0, which, as I will show, turns out to be a horizon.
Let us see this more closely. To begin with we consider the equations determining the fixed point values:
Multiplying eq.(62) by f Σ i , using the local special geometry counterpart of eq. (13):
and the definition (42) of the graviphoton field strength we obtain:
Hence, using the definition of the central charge (44) and eq. (40) we conclude that at the fixed point the following condition is true:
In terms of the previously defined electric and magnetic charges eq.(66) can be rewritten as:
which can be regarded as algebraic equations determining the value of the scalar fields at the fixed point as functions of the electric and magnetic charges p Λ , q Σ :
In the vicinity of the fixed point the differential equation for the metric becomes:
which has the approximate solution:
Hence, near r = 0 the metric (36) becomes of the Bertotti Robinson type:
with Bertotti Robinson mass given by:
In the metric (73) the surface r = 0 is light-like and corresponds to a horizon since it is the locus where the Killing vector generating time translations ∂ ∂t , which is time-like at spatial infinity r = ∞, becomes light-like. The horizon r = 0 has a finite area given by:
Hence, independently from the details of the considered model, the BPS saturated black-holes in an N=2 theory have a Bekenstein-Hawking entropy given by the following horizon area:
the value of the central charge being determined by eq.s (69). Such equations can also be seen as the variational equations for the minimization of the horizon area as given by (76), if the central charge is regarded as a function of both the scalar fields and the charges:
6. Work in progress: the p-branes of string theory and M -theory and solvable Lie algebras
When M -theory (namely the still undefined quantum theory whose low energy limit is 11-dimensional supergravity) is compactified on a torus T r+1 or 10-dimensional string theory is compactified on a torus T r , the low energy interactions of the massless modes are described by maximal supergravity in dimensions D = 10 − r. As discussed in a recent series of papers [21] , [22] . It has been known for many years [23] that the scalar field manifold of both pure and matter coupled N > 2 extended supergravities in D = 10 − r (r = 6, 5, 4, 3, 2, 1) is a non compact homogeneous symmetric manifold U (D,N ) /H (D,N ) , where U (D,N ) (depending on the space-time dimensions and on the number of supersymmetries) is a non compact Lie group and H (D,N ) ⊂ U (D,N ) is a maximal compact subgroup. Furthermore, the structure of the supergravity lagrangian is completely encoded in the local differential geometry of U (D,N ) /H (D,N ) , while an appropriate restriction to integers U (D,N ) (Z Z) of the Lie group U (D,N ) is the conjectured U-duality symmetry of string theory that unifies T-duality with Sduality [25] .
As we discussed in a recent paper [21] , utilizing a well established mathematical framework [26] , in all these cases the scalar coset manifold U/H can be identified with the group manifold of a normed solvable Lie algebra:
The representation of the supergravity scalar manifold M scalar = U/H as the group manifold associated with a normed solvable Lie algebra introduces a one-to-one correspondence between the scalar fields φ I of supergravity and the generators T I of the solvable Lie algebra Solv (U/H). Indeed the coset representative L(U/H) of the homogeneous space U/H is identified with:
where {T I } is a basis of Solv (U/H). As a consequence of this fact the tangent bundle to the scalar manifold T M scalar is identified with the solvable Lie algebra:
and any algebraic property of the solvable algebra has a corresponding physical interpretation in terms of string theory massless field modes. Furthermore, the local differential geometry of the scalar manifold is described in terms of the solvable Lie algebra structure. Given the euclidean scalar product on Solv:
the covariant derivative with respect to the Levi Civita connection is given by the Nomizu operator [27] :
and the Riemann curvature 2-form is given by the commutator of two Nomizu operators:
In the case of maximally extended supergravities in D = 10 − r dimensions the scalar manifold has a universal structure:
where the Lie algebra of the U D -group E r+1(r+1) is the maximally non compact real section of the exceptional E r+1 series of the simple complex Lie Algebras and H r+1 is its maximally compact subalgebra [24] . As we discussed in a recent paper [21] , the manifolds E r+1(r+1) /H r+1 share the distinctive property of being non-compact homogeneous spaces of maximal rank r + 1, so that the associated solvable Lie algebras, such that E r+1(r+1) /H r+1 = exp Solv (r+1) , have the particularly simple structure:
where IE α ⊂ E r+1 is the 1-dimensional subalgebra associated with the root α and Φ + (E r+1 ) is the positive part of the E r+1 -root-system. As shown in [22] the solvable Lie algebras Solv (E r+1 /H r+1 ) can be decomposed in a sequential way. Indeed we can write the equation:
where IR · Y k is the 1-dimensional vector space associated with the Cartan generator Y k . On the other hand Φ + (E r+1 ), namely the positive part of the E r+1 root space is split as follows:
where Φ + (E 2 ) is the one-dimensional root space of the U-duality group in D = 9 and ID + k+1 are the weight-spaces of the E k+1 irreducible representations to which the vector field in D = 10 − r are assigned. Alternatively, as it is explained in [22] , A r+2 ≡ ID + r+1 are the maximal abelian ideals of the U-duality group E r+2 in D = 10 − r − 1 dimensions.
Adopting the short hand notation:
the coset representative for maximal supergravity in dimension D = 10 − r can be written as:
The last line follows from the abelian nature of the ideals ID k and from the position:
Hence the solvable Lie algebra structure provides a canonical parametrization of the scalar field manifold where the fields associated with the Cartan generators are the generalized dilatons which appear in the lagrangian in an exponential way, while the fields associated with the nilpotent generators appear in the lagrangian only through polynomials of degree bounded from above. Since the fermion transformation rules and the associated central charges of all maximally extended supergravities are expressed solely in terms of the coset representative L (φ) (see [28] ), the method for the derivation of extremal solutions, which in the previous section was applied to the case of D = 4, N = 2 black-holes, can now be extended to the case of extremal p-brane solutions in D = 10 − r. The canonical parametrization of the scalars through solvable Lie algebras hints to a complete solubility of the corresponding first order equations, namely of the analogues of eq.s(59),(60). This investigation is work in progress [30] by the author and the same collaborators as in [21] , [22] .
To illustrate the idea we just recall the results obtained in the literature for p-brane solutions. In [29] the following bosonic action was considered:
where F µ1...µn is the field strength of an n − 1-form gauge potential, φ is a dilaton and a is some real number. For various values of n and a, S ′ D is a consistent truncation of some (maximal or non maximal) supergravity bosonic action S D in dimension D. By consistent truncation we mean that a subset of the bosonic fields have been put equal to zero but in such a way that all solutions of the truncated action are also solutions of the complete one. The fields that have been deleted are:
1. all the nilpotent scalars 2. all the Cartan scalars except that which appears in front of the F µ1...µn kinetic term.
3. all the other gauge q-form potentials except the chosen one
For instance if we choose: 
namely a p-brane, the choice of the truncated action (93) is motivated by the search for p-brane solutions of supergravity. According with the interpretation (95) we set:
where d is the world-volume dimension of the electrically charged elementary p-brane solution, whiled is the world-volume dimension of a magnetically charged solitonicp-brane withp = D − p − 4. The distinction between elementary and solitonic is the following. In the elementary case the field configuration we shall discuss is a true vacuum solution of the field equations following from the action (93) everywhere in Ddimensional space-time except for a singular locus of dimension d. This locus can be interpreted as the location of an elementary p-brane source that is coupled to supergravity via an electric charge spread over its own world volume. In the solitonic case, the field configuration we shall consider is instead a bona-fide solution of the supergravity field equations everywhere in space-time without the need to postulate external elementary sources. The field energy is however concentrated around a locus of dimensionp. Defining:
it was shown in [29] that action (93) admits the following elementary p-brane solution 
The same authors show that that action (93) admits also the following solitonicp-brane solution: 
where the D − p − 2-formF is the dual of F , k is now the magnetic charge and:
These p-brane configurations are solutions of the second order field equations obtained by varying the action (93). However, when (93) is the truncation of a supergravity action both (98) and (100) are also the solutions of a first order differential system of equations. This happens because they are BPS-extremal p-branes which preserve a fraction of the original supersymmetries. 
As already pointed out, with the values (102), the action (93) is just the truncation of heterotic supergravity where, besides the fermions, also the E 8 × E 8 gauge fields have been set to zero. In this theory the SUSY rules we have to consider are those of the gravitino and of the dilatino. They read:
Expressing the 10-dimensional gamma matrices as tensor products of the 2-dimensional gammamatrices γ µ (µ = 0, 1) on the 1-brane world sheet with the 8-dimensional gamma-matrices Σ m (m = 2, . . . , 9) on the transverse space it is easy to check that in the background (103), In the maximal case a general analysis of the resulting evolution equation for the scalar fields in the solvable Lie algebra representation is work in progress [30] .
